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ABSTRACT 


NWe  otudy'  the  multiplicity  of  solutions  for  semilinear  elliptic  systems 


well  as  Hamiltonian  systems,  in  which  the  nonlinear  terms  are  periodic  in 


certain  variables.  The  cuplength  for  cohomology  rings  of  the  torus  is  used. 


Our  results  generalize  and  unify  several  recent  works  by  Conley-Zehnder , 


Rabinowitz,  Mawhin-Willem,  Pucci-Serrin  etc.  In  particular,  the  resonance 


problems  and  indefinite  problems  are  studied 
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ON  THE  PERIODIC  NONLINEARITY  AND  THE  MULTIPLICITY  OF  SOLUTIONS 


Kung-Ching  Chang 


* 


§1.  Introduction 

Inspired  by  the  work  of  Conley  and  Zehnder  [3]  on  the  solution  of  the 
Arnold  conjecture,  the  author  presented  a  different  proof  of  their  statement, 
and  noticed  that  the  periodicity  of  the  Hamiltonian  function  is  the  essence  of 
the  occurrence  of  multiple  periodic  solutions  [1-2] .  The  main  purpose  of  this 
paper  is  to  apply  the  following  theorem  obtained  in  [1]  to  various  different 
problems  which  are  studied  recently  by  many  authors  in  dealing  with  periodic 
nonlinearities. 

Let  H  be  a  real  Hilbert  space,  and  let  A  be  a  bounded  self-adjoint 
operator  defined  on  H.  According  to  its  spectral  decomposition, 

H  =  H+  ©  Hq  ©  H_,  where  H+,  Hq,  and  H_  are  invariant  subspaces 
corresponding  to  the  positive,  zero,  and  negative  spectrum  of  A 
respectively. 

Theorem  0.  Suppose  that  A  satisfies  the  following  assumptions 
(H^)  A+  -  a|+  has  a  bounded  inverse  on  H+, 

(H2)  y  -  dim(H_  ©  H0 )  <  »• 

Let  V11  be  a  C2  compact  n-manifold  without  boundary,  and  let 
g  e  C^ ( H  x  Vn,R*)  be  a  function  having  a  bounded  and  compact  differential 
dg(x).  Assume  that 

g(PQX,v)  +  -co  as  IIPqXB  +  »  if  dim  Hq  /  0 
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where  Pg  is  the  orthogonal  projection  onto  Hg.  Then  the  function 

f(x,v)  =  4  (Ax,x)  +  g(x,v) 

possesses  at  least  cuplength  (Vn)  +  1  distinct  critical  points. 

If  further,  we  assume  that  g  e  C^(H  x  V,R^),  and  that  f  is 

n 

nondegenerate,  then  f  has  at  least  £  £5^(Vn)  critical  points,  where 

i=0 

is  the  ith  Betti  number  of  Vn,  i  =  0,1,..., n. 

Remark.  In  the  statement  of  Theorem  8.3  in  [1],  the  function  g  was 
assumed  to  be  C^,  however,  in  the  proof  of  the  first  conclusion,  is 

sufficient. 

Most  recent  studies  only  concerned  with  the  case  where  A  is  positive 
definite,  we  shall  give  more  applications  where  A  is  semidef inite,  i.e.,  the 
negative  eigenspace  as  well  as  the  null  space  are  finite  dimensional.  They 
are  used  to  study  semilinear  elliptic  systems  and  the  periodic  solution 
problems  for  2nd  order  ODE.  Theorem  2  generalizes  and  unifies  the  results  due 
to  Mawhin  [7] ,  Mawhin  and  Willem  [8] ,  Li  [6] ,  Jiang  [5] ,  Pranks  [4] ,  Pucci  and 
Serrin  [9,10]  and  Rabinowitz  [11]. 

Periodic  solution  problems  for  Hamiltonian  systems  reduce  to  case  where 
A  is  unbounded  and  indefinite.  Theorem  4  is  a  generalization  of  Theorem  2. 

It  implies  the  early  results  due  to  Conley  and  Zehnder  [3]  as  special  cases. 

In  particular,  the  multiple  periodic  solutions  of  Hamiltonian  systems  with 
resonance  are  studied,  where  the  Hamiltonian  functions  are  only  periodic  in 
certain  variables. 

We  thank  Prof.  P.  H.  Rabinowitz  for  his  invitation  to  the  Center  for  the 
Mathematical  Sciences,  University  of  Wisconsin-Madison,  and  for  his  very  kind 
conversations  on  his  interesting  preprint  [11]. 


§2.  Semi-definite  functionals 


A  direct  consequence  of  Theorem  0,  is  the  following: 

Theorem  1.  Suppose  that  A  is  a  self-adjoint  operator  satisfying  (H^ ) 
and  (H2)/  defined  on  a  Hilbert  space  H.  Suppose  that  $  e  C^HfR1)  is  a 
function  having  a  bounded  and  compact  differential  d$,  and  satisfies  the 
following  periodicity  condition: 

(P)  3  e1f...,er  e  ker  A,  they  are  linearly  independent,  and 

3(T1f...,Tr)  £  R1,  such  that 

r 

<t(x  +  £  nijTje  j  )  =  $(x),  Vx  e  H,  Vfzr.., , . . .  ,mr )  e  2r 

j=1 

and  the  resonance  condition: 

(LL)  $(x)  -►  -<*>  if  flxll  -*■  ®  and  x  e  ker(A)  O  {e1,...,er}i  . 

Then  the  equation 

Ax  +  d$(x)  =  0  (2. 1) 

possesses  at  least  r  +  1  distinct  solutions. 

If  further,  <5  £  C2(H,R1)  and  all  solutions  of  (2.1)  are  nondegenerate, 
then  (2.1)  possesses  at  least  2r  solutions. 

Proof.  We  consider  the  following  functional 

J(x)  =  j  ( Ax,x)  +  <Mx)  . 

According  to  (P), 

r 

J(x  +  £  mjTjej)  =  J(x) ,  V(m^ ,  . . .  ,11^)  £  Zr  • 

j=1 

However,  we  have  an  orthogonal  decomposition 

H  =*  ker  A  ©  (ker  A)-*- 
=  Z  ©  Y  ©  (ker  A)-*" 


-3- 


M 


/  hi(x)dx  =0,  i  =  1,2, . . . ,r  , 

M 

and  hj(x)  =0,  j  =  r  +  Then  the  elliptic  system 

-Au  +  a(x)  •  u  -  Fu(x,u)  +h(x)  =  0  on  M 


has  at  least  r  +  1  solutions,  where 


a(x)  = 


n(x))j 


Proof.  Let  H  =  W1,2(M,RN),  A  =  IN  +  (-A)-1a(x),  and 


Obviously, 


$(u)  =  /  -F(x,u(x) )  +  <h( x)  •  u(x)>N 
M 


ker  A  -  s pan{ e^,...,e^,  •  19^} 


and  $  e  C1(H,R1),  having  a  bounded  and  compact  differential,  satisfies  the 
conditions  (P)  and  (LL) . 

The  conclusion  follows  immediately  from  Theorem  1 . 

Remark  2.1.  In  Theorem  2,  we  may  replace  the  compact  manifold  M  by  a 
smooth  bounded  domain  2  in  if,  in  addition  to  the  Neumann  boundary  value 


condition 


=  0  , 


where  v  is  the  outward  pointing  normal  of  the  boundary  3ft. 

Example  2.1.  M=S^,  r=N=  1.  This  is  just  the  periodic  solution 

problem  for  ODE 


u  +  Fu(t,u)  =  h(t) 


(2.2) 


where  F  e  C^S1  x  is  periodic  in  u,  and  h  e  CfS^/R1)  satisfies 

the  zero  mean  condition  J  h(t)dt  =  0.  Under  these  conditions,  (2.2)  has  at 

S1 

least  two  solutions.  It  was  shown  by  Mawhin  and  Willem  [8] ,  Li  [6]  and  Franks 
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Example  2.2.  The  case  M  =  s\  and  r  =  N.  The  corresponding  ODE 

system  was  studied  by  Jiang  [5]  and  Rabinowitz  [11].  In  this  case,  the 

following  system  possesses  at  least  N  +  1  solutions 

u  +  Fu(t,u)  =  •fc(t)  (2.3) 

where  F  e  C^S  1  X  rN,r1  )  is  periodic  in  u  =  (u.j , . . .  ,uN) ,  and 

h  e  CfS1,!^),  satisfies  J  h(t)dt  =  0. 

S1 

Example  2.3.  The  case  M  =  S^,  r  <  N,  with  ^ai j (t) ) (N-r)x (N-r) 
positive  definite.  The  ODE  system  was  studied  by  Mawhin  [7] .  The  system 

u  -  a(t)u  +  Fu(t,u)  =  0 

possesses  at  least  r  +  1  solutions,  provided  that  F  e  C^tS1  x  R^R^)  is 
periodic  in  the  first  r  variables  (u-j , . . .  ,ur) ,  and  HFu(t,u)H  a  <  “. 

Xi 

Example  2.4.  The  case  M=Tn,  r=N=  1.  The  problem  was  studied  by 
Pucci  and  Serrin  [9,10].  The  following  equation 

Au  +  Fu(x,u)  =  0  on  T° 

possesses  at  least  two  solutions,  provided  that  F  e  C1  (T11  x  R^R1),  and  is 
periodic  in  u. 

The  Neumann  problem  for  the  elliptic  equation  (in  case  r  =  N  =  1)  was 
studied  by  Rabinowitz  [11]. 

Remark  2.2.  All  the  above  examples  deal  only  with  functionals  bounded 
from  below,  however.  Theorem  2  implies  more  than  that.  The  improvements  are 
in  two  directions: 

(1)  The  functional  is  semi-definite,  i.e.,  it  is  bounded  from  below 
except  on  a  finite  dimensional  subspace. 

(2)  The  resonance  case  is  studied,  it  only  happens  when  r  <  n. 


tSt 


►  6- 


§3.  Indefinite  functionals 


In  this  section,  we  shall  extend  the  results  of  §2  to  indefinite 
functionals.  The  saddle  point  reduction  argument  will  be  applied. 

Let  H  be  a  Hilbert  space,  and  let  A  be  a  self-adjoint  operator  with 
domain  D(A)  C  H  (unbounded).  Assume  that  F  is  a  potential  operator  with 
$  £  C^CHjR1),  F  =  d$  and  $(9)  =  0.  The  following  assumptions  are  made 
(A)  3  a  <  0  <  8  such  that  a, 8  £  a( A)  and  a(A)  n  [a, 8]  consists  of  at 

most  finitely  many  eigenvalues  of  finite  multiplicities. 

(F)  F  is  bounded  and  Gateaux  differentiable,  with 

IdF(u)  -  °  *  -B  in  <  ,  Vu  c  H. 

(D)  For  small  e  >  0,  with  -e  £  o(A),  let  V  =  D(|(el  +  A)p/2),  assume 
that  $  e  C^V,!*1). 

Theorem  4.  Suppose  that 

(P)  3  e1,...,er  c  ker  A,  they  are  linearly  independent,  and  3  (T-j,-.., Tr ) 

HF ,  such  that 

r 

$(x  +  £  m  jTje  j )  =  $(x),  VCrn.,,...,!!^)  e  ?F ,  Vx  e  H. 

j=1 

(LL)  4>(x)  +  ±«>  if  9xJ  >  “  Vx  £  ker  A  Pi  span{e^,  . . .  ,er}'*'. 

Then  the  equation 

Ax  +  $ ’ (x)  =  0 

has  at  least  r  +  1  distinct  solutions. 

Proof.  A  saddle  point  reduction  procedure  is  applied.  Let 

8  +“»  a 

P0  =  /  dEx,  P+  =  /  dEx,  P.  =  /  dEx 

a  8 

where  (Ex)  t^ie  spectral  resolution  of  A,  and  let 


and  for  small  e  >  0,  -e  £  <j(A),  let 

VQ  -  | (el  +  A)j"1/2H0,  v±  =  | (el  +  A) |"1/2H±  . 

For  each  u  e  H,  we  have  the  decomposition 

u  *  u+  +  Uq  +  u_ 

with  uq  e  Hq,  u+  e  H+.  Let  x  =  x+  +  xq  +  x_  e  V,  where 

xQ  =  ((el  +  A) |”1/2u0,  x±  =  | (el  +  A)("1/2u±  . 

We  define  a  function  on  the  finite  dimensional  space  Vq  as  follows 

a(z)  =  -j  (Ax(z),x(z))  +  $(x(z)) 

where  x(z)  =x+(z)  +x_(z)  +  z,  z  =  Xq  e  VQ,  and  x+(z)  are  the  solutions 
of  the  equations 

x±  =  -(el  +  A)_1P±(eI  +  F)(x+  +  x_  +  z)  . 

We  shall  prove  that 

r 

1°  x±(z  +  l  Tje j )  *  x+(z),  Vz  e  VQ. 
j=1 

In  fact. 


r 

P±(el  +  F)(x+  +  x_  +  z  +  l  Tje j )  =  P±(el  +  F) (x+  +  x_  +  z) 

j=1 


therefore 


r 

x+(z)  =  x+(z  +  l  Tjej)  • 
j=1 

r 

2°  a(z  +  £  Tjej^  =  a^2** 

j=1 


Claim: 


i.  *•  * 

a(z  +  l  Tje  j )  =  ~  ( Ax  { z  +  J  Tj6j),  x(z  +  £  Tjej)}  +  S^**2  +  I  TjejJ) 

j=1  j=1  j=1  j=1 

«  r  r 

=  —  (Ax(z),x(z)  +  £  Tjej^  +  *(x^2^  +  I  Tjej^ 

j=1  j=1 


=  —  ( Ax( z ) ,x( z) )  +  $(x(z)) 


=  a  ( z ) 


3°  a  satisfies  the  (PS)  condition  on  x  ( Y  ©  N(A)  )  n  VQ  where  Y  - 


O  span{e.j, . . .  ,er}  • 

Claim:  Suppose  that  {zk}  is  a  sequence  along  which 

(a(zk)}  is  bounded,  and  Ha'(zlt)||  -  o(1)  . 


Accord .ng  to  Chang  [1,  p.  105], 


«Ax(zk)  +  F(x(zk) )HH  =  o(1)  . 


Let  Q  be  the  orthogonal  projection  onto  Y,  which  is  considered  as  a 


subspace  of  the  Hilbert  space  H  =  Y  ©  N(A)1.  Thus  on  the  space  H , 

(I  -  Q)x(zk)  =  -A*” 1  ( 1  -  Q)F(x(zk))  +  o(1)  , 


since  F  is  bounded,  II  ( 1  -  Q)x(z  )l  is  bounded.  Noticing 


$(Qx(zk))  =  <J>(x(zK) )  -  /  (F(xt(zk)  ),(I  -  Q)x(zk))dt 


a(zk)  -  —  (Ax(zk) ,x(zk) )  -  /  (F(xt(zk)),(I  -  Q)x(zk))dt  , 

2  0 


where 


x*.(z)  *  {(1  -  t)I  +  tQ)x(z)  , 


(Ax(zk) ,x(zk) )  =  (Ax( zk) , ( I  -  2)x( zk) )  =  (~F(x(zk) )  +  o(1),(I  -  Q)x(zk))  , 


$ ( Qx ( zk ) )  must  be  bounded.  According  to  the  condition  (LL),  Qx(zk)  is 


bounded.  The  compactness  of  zk  now  follows  from  the  boundedness  of  x(zk) 


and  the  finiteness  of  the  dimension  of  Vq. 


4°  If  we  decompose  VQ  into  spanfe, , . . . ,er}  ®  Of  ®  N(A)1)  n  VQ, 
z  =  V  +  w,  (v,w)  £  span{e.,, . . .  ,er)  6  (Y  ®  N ( A) 1 )  n  VQ  , 


and  let 


g(w,v)  =  -  (A5(w  +  v) ,§ (w  +  v))  +  4(x(w  +  v)) 


5(z)  =  x+(z)  +  x_(z) 

then  g  is  well  defined  on  Tr  x  (y  ®  N { A) ^ )  n  Vg,  and 


dg(w,v)  =  PgF(x(w  +  v) ) 


which  is  bounded  and  then  is  compact  on  finite  dimensional  manifold.  The 


function  a(z)  now  is  written  in  the  following  form: 


a(w,v)  =  —  ( Aw , w )  +  g(w,v)  . 


Noticing  that  F  is  bounded,  I^(z)|  is  always  bounded.  If  we  denote  y 


the  projection  of  w  onto  Y  we  have 


g(y,v)  =  —  (A?(y  +  v),£(y  +  v))  +  $ (y )  +  [$(5(y  +  v)  +  y  +  v)  -  4(y)]  . 


The  first  term  and  the  third  term  are  bounded,  therefore 


g(y,v)  ->■  ±»  as  lyg  +  oo  . 


The  function  a(w,v)  satisfies  all  assumptions  of  Theorem  0.  Theorem  4  is 


proved. 


Now  we  study  the  periodic  solutions  of  the  Hamiltonian  systems,  in  which 


the  Hamiltonian  functions  are  periodic  in  some  of  the  variables. 


We  use  the  following  notations:  p,q  c  I F , 


P  =  (pp  ■  •  •  i  ),  q=  gjj )  >  i<r<s<t<N 


p  ■  (Pi»-iPr),  q  -  (qv*»qr) 


P  *  (Pr+1' * ' ’ 'Ps^  '  q  *  ^ 3r+ 1 ' • • • ' ^  ' 


P  -  ( Pt+  1  *  *  •  •  / Pjj )  /  ~  '  *  *  * '^N  ^  * 

We  assume 

(I)  A ( t ) /  B ( t ) ,  C(t)  and  D(t)  are  symmetric  continuous  matrix  function 
on  S1 ,  of  order  (S-r)  x  (S-r),  (T-s)  x  (T-s),  (N-T)  x  (N-T) 


and  (N  -  T)  x  (N  -  T)  respectively.  Let  A  =  f  A(t),  and  B  =  f  3(t)  be 

s'  s1 

invertible. 

(II)  H  c  (^(S1  x  R^N,R^)  is  periodic  in  the  following  variables  p/q*p,q, 

a 

and  H"  is  bounded. 

v  d 

(III)  Let  span{<p1 , . . . /()pin}  =  ker{-  J  "rr  -  (C(t)  ©  D(t)))  where 


0  -i. 


IN_T  O 


,  and  ipi,  . . .  ,<pm  are  linearly  independent.  And 


*  ^ 

H(t,  £  Tj<Pj^  *  ±0“  as  lTl  =  *T1  +  ***  +  xtd)  *  “  * 


( IV )  c,d  £  C(S  ^  R  )  /  with  c  =  d  (d^  ^  •  i  dip )  and 


/  Ci(t)  =  /  dj (t)  =  0  , 


i  m  1 , . . .  ,r ,  s  t  1 , . . .  3  =  1 , .  • . , s  . 

We  define  a  Hamiltonian  function  as  follows 

H(t,p,q)  =  -j  A  ( t  )p  •  p  +  -j  B(t)q  •  q  +  (C(t)p  •  p  +  D(t)q  •  q) 


+  l  (c^tjpj,  +  ^(tjq.^)  +  H(t,p,q) 
i=1 


Theorem  5.  Under  conditions  (I)-(IV),  the  Hamiltonian  system 

[HS)  -j  Z  =  Hz(t,z),  t  €  S1 

at 

ias  at  least  r  +  T  +  1  periodic  solutions,  where  z  -  (p,q)  e  R2*1- 


i'.V. 


Proof.  Let 


(° 


A  ( t )  = 


A(t) 


C(t) 


V 


B  ( t ) 


D(t) 


J 


and  let  (the  subscripts  on  J  coincide  with  those  on  p) 


A  -  (-J--  A  ( t )  ) 

at 


~  d 


rA(t) 


dt 


B  ( t ) 


e  I  -J 


dt 


We  have 


(p#q)  e  ker 


h-r  j- 


r  • 

q  =  A  ( t  )jp 


<==> 


p  ■  0 


<=>  \ 


f  q  *  /  A(s)ds  •  c  +  d,  with  q(2ir)  =  q(0) 
0 


p  =  c  , 

(i.e.,  with  A  •  c  =  9).  According  to  the  assumption  I,  c  =  0. 

A(t)  V\ 


ker 


h-C 


=  { ( 9 ,d)  | d  €  *  Rs~r  . 


Similarly, 


ker 


{(S,9)|a  €  Rt“s}  a  rT-s 


Thus 


ker(A)  *  *2r  9  9  RT-S  ®  span{?1,...f?  }  . 


f  C(t) 

V  D( 


We  have 


$(z)  =  /  { H ( t / z ( t ) )  +  l  fc± (t)Pi ( t )  +  diftjqiftjjjdt  . 

s1  1=1 

Then  all  the  assumptions  (A),  (F),  (D),  (P)  and  (LL)  are  satisfied.  The  proof 
is  complete.  v 

Example  3.1.  If  the  Hamiltonian  function  H  c  C2(S^  x  R2^,r^)  is 
periodic  in  each  variable,  then  (HS)  has  at  least  2N  +  1  periodic  solutions. 
This  is  the  case  r  =  s  =  T  =  N. 

This  result  related  to  the  Arnold  conjecture,  was  first  obtained  by 
Conley  and  Zehnder  [3] ,  see  also  Chang  [2] . 

Example  3.2.  If  H  c  C2(S1  x  R21*,!*1),  where  H  is  periodic  in  the 
components  of  q,  and  that  there  is  an  R  >  0  such  that  for  |p j  >  R, 

H(t,p,q)  =  ~  Mp  •  p  +  a  .  p 

where  a  e  R*,  and  M  is  a  symmetric  nonsingular  time  independent  matrix, 
then  the  corresponding  (HS)  possesses  at  least  N  +  1  distinct  periodic 
solutions. 

This  is  the  case  r  =  0,  S  =  T  =  N. 

This  is  a  result  obtained  by  Conley  and  Zehnder  [3],  see  also  P.  H. 
Rabinowitz  [11]. 

Example  3.3.  Let  H  e  C2(S1  x  R^ , R1 )  be  periodic  in  (p^q^).  Assume 
that  3  R  >  0  such  that 

H(t,p1,p2,q1,q2)  =  j  (cp2  +  dq2)  ±  A/p^Tq^ 

for  +  a-2  *  where  cd  =  k2  >  0  for  some  k  c  Z,  and  A  >  0.  Then 


the  corresponding  (HS)  possesses  at  least  3  periodic  solutions 


In  fact. 


ker  -J 


c  0 


0  d 


=  span{(-  |/"^  sinkt,coskt) , (  coskt,sinkt) } 


it  follows 


nax{-  , 1 } ( X2  +  X2)  >  ~  (-X-jSinkt  +  X2c°s^t)2  +  (X^coskt  +  X2sinkt)‘ 


>  min{^  ,  1} (X2  +  x|) 


Therefore 


H( t , 0 ,  /  —  (-X.]Sinkt  +  X2COskt)  ,  0 ,  (  X  .jcoskt  +  X2sinkt)  ) 


>  ,  1 } +  X ! 


>,  or  +  -oo 


as  /x2  +  X2  +  ®. 


Remark.  in  the  assumption  (I),  if  the  operators  A  and  B  are 


singular,  then 


(p#q)  e  ker 


h-r  j- 


>  p  e  ker  A,  q  =  f  A(s)ds  p  +  d 
0 


Thus, 


at  ~  y  jj  =  {(e,d)  |d  €  R5-*}  0  {(c ,/  A(s)ds  c)  | 


A(s)ds  c)|c  e  ker  A}. 


Similarly , 


0 ) [c  €  RT-S}  0  {(/  B( s )dsd,d) | d  e  ker  B} . 
0 


In  order  to  apply  Theorem  5,  the  assumption  III  is  replaced  by 

A  t  t  A  A  m 

H(t,c  +  J  A(s)dsc  +  J  B(s)dsd  +  d  +  J  T^9j(t))  ±«o  , 

0  0  j=1 

as  |c|  +  |d|  +  |  t  |  +  «#  where  c  e  ker  A,  d  e  ker  B,  and  t  e  fP*  The  same 
theorem  holds. 

Example  3.4.  Let  H  e  C2(S1  x  R^jR1)  be  periodic  in  (p^,q^,q2>* 


Assume  that  3  R  >  0  such  that 


-14- 


for 


vw  11  mi l m I u » i ■  i 1  u "J. ■>.■>.".» 1  -l . 


1  2  2 
H(t,p1/p2,q1,q2)  =  -J  COStp2  ±  A/1  +  p2 

for  |p2!  >  R,  where  A  >  0  is  a  constant,  then  the  corresponding  (HS) 

possesses  at  least  4  periodic  solutions. 

In  fact, 


/P2 /(11  »<J2)  =  ±  A*/ 1  +  c^  ±®,  as  jcj  -►  * 


c 
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